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A Single-Step Optimization-Based Kinematic Controller for

Real-Time Path Tracking of Legged Robots
Nestor N. Deniz1 and Fernando A. Auat Cheein2, IEEE Senior Member

Abstract—Controlling the locomotion of autonomous legged
robots requires sophisticated techniques to handle system
constraints, often resulting in high computational demands
that limit real-time implementation. This paper presents a
computationally efficient path tracking algorithm for legged
robots, leveraging their kinematic model and built-in low-level
motor control. Unlike traditional Model Predictive Control
(MPC), the proposed method simplifies the framework by
using a single-step prediction window, achieving performance
comparable to MPC with longer horizons while significantly
reducing computational overhead. Comparative analysis against
a Nonlinear MPC with and without integral mode, a Linear
Time-Varying LQR, and a Reinforcement Learning agent
demonstrates that the proposed algorithm achieves similar or
superior tracking performance with much lower computational
requirements and tuning. This makes the approach well-suited
for real-time applications in resource-constrained robotic
systems. Additionally, the method facilitates fast prototyping
for industrial applications, as performance and stability can be
established using simple kinematic and path parameters. Our
controller simplifies design requiring almost no tuning obtaining
a similar performance in comparison with an NMPC with a
control horizon of 20 sampling instant but with much less
computational effort. Implemented algorithms including trained
RL agent can be found here at https://github.com/nahueldeniz/A-
Single-Step-Optimization-Based-Kinematic-Controller-for-Real-
Time-Path-Tracking-of-Legged-Robots.git.

Index Terms—Legged robots; Path tracking; Optimization-
based controller.

I. INTRODUCTION

LOCOMOTION mechanisms, particularly legged robots,
have witnessed a surge in popularity and accessibility,

allowing legged robots to manoeuvre through intricate scenar-
ios with greater ease compared to their wheeled counterparts.
Contemporary legged robots can be controlled at a high
level, leveraging pre-existing low-level functions within their
software to translate speed commands into motor torques. This
capability expedites the prototyping and implementation of
path-following and trajectory-tracking for autonomous navi-
gation, particularly in industrial applications.
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Fig. 1: Legged robot Unitree Go1 used for field experiments.
The robot is equipped with the following sensors: 1⃝ real-
time kinematics (RTK) GPS Navcom SF-3040; 2⃝ inertial
measurement unit (IMU) Vectornav VN200S.

In this work, we introduce an optimisation-based quasi
algebraic controller (OBQAC) tailored for the class of orthog-
onal nonlinear control-affine systems, such as the kinematic
model of legged robots. Building upon the foundational work
outlined in seminal studies by [1] and [2], which introduced
an innovative algebraic method for path tracking controllers
tailored to nonholonomic vehicles, our research extends these
techniques to encompass constrained controls. We demonstrate
its applicability for fast prototyping with legged robots by
leveraging pre-existing built-in low-level controllers. Our re-
formulation leads to an optimisation problem that considers
the limitations of the robot’s actuators, constraining accel-
erations to achieve energy-efficient and smooth manoeuvres
while maintaining a lower computational burden compared to
optimisation-based controllers such as nonlinear model pre-
dictive control (NMPC), albeit with comparable performance.

The core ideas of this work are summarized as follows:
i) Section III presents the formulation of a single-step
optimization-based controller designed for wheeled and legged
robots. This approach leverages the control-affine structure
of their kinematic models and their built-in low-level gait-
generation controllers (in teh case of legged robots) to achieve
the following:

• Low computational burden (suitable for real-time appli-
cations).

• No offline training requirements (enabling fast prototyp-
ing and industrial deployment).

ii) Moreover, in Section III, global stability of the proposed
controller is rigorously guaranteed under mild assumptions on
the kinematic model’s velocity constraints. Additionally, the
section provides:

• An analysis of convergence time to the target in path-
tracking tasks.

• A quantitative evaluation of the controller’s computa-
tional load.

iii) Performance comparisons are conducted through simu-

https://github.com/nahueldeniz/A-Single-Step-Optimization-Based-Kinematic-Controller-for-Real-Time-Path-Tracking-of-Legged-Robots.git
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lations and field experiments across diverse scenarios. The
proposed method is benchmarked against:

• Nonlinear Model Predictive Control (NMPC) with and
without integral action.

• A Linear Time-Varying (LTV) Linear Quadratic Regula-
tor (LQR).

• A Deep Reinforcement Learning (DRL) method for tra-
jectory tracking.

The remainder of the work is structured as follows: Section
II reviews related work on nonlinear control-affine systems
and legged robots, including gait generation. In Section III,
we specify the types of system to which our approach applies
and develop the formulation of the proposed controller within
the context of path tracking for quadruped robots. Section
IV presents a comparative analysis of our controller and
the NMPC with and without integral action and an LTV
LQR controller under different scenarios of field experiments.
Finally, Section V shows the conclusions of our work.

II. RELATED WORKS

This section reviews previous research on path tracking of
control-affine systems and provides an overview of low-level
control and gait generation for legged robots.

A. Control of legged robots through its kinematic model

Legged robots, including bipedal and quadrupedal systems,
require precise foot placement to navigate safely. A major
challenge in controlling these robots stems from intermittent
foot-terrain contact, which introduces significant complexity
into controller design [3], [4]. Nevertheless, considerable
progress has been made, and commercially available legged
robots now incorporate low-level controllers that generate
necessary gaits for locomotion (for details on gait generation,
see [5] and references therein). By leveraging these con-
trollers, path tracking can be achieved using the control-affine
kinematic model of legged robots. This approach enables
rapid industrial solutions, prototyping, trajectory-tracking of
non-admissible curves by exploiting the structure of driftless
nonlinear control-affine systems while keeping low the compu-
tational burden [6]–[8]. The analysis and design of controllers
for control-affine systems remain an active research topic, as
these systems accurately capture non-linearities while reducing
computational complexity compared to full nonlinear models
in control problems involving online optimization [9], [10].

Several control strategies leveraging the control-affine struc-
ture of mobile robot kinematic models have been proposed
for real-time path tracking. For instance, [11] addresses non-
linearities in wheel-terrain interactions for ground vehicles,
reducing the computational burden of their predictive con-
troller while ensuring stability via state-of-the-art methods.
Subsequent work in [12] linearizes the kinematic model of
a mobile robot along its trajectory to derive a linear time-
varying system, expressed as a lattice piece-wise affine model.
This method handles constraints effectively while maintain-
ing trajectory-tracking performance. Similarly, [13] employs
Taylor series expansions to approximate the kinematics of a

wheel-legged robot, alleviating computational load and incor-
porating kinematic/dynamic constraints in a predictive control
framework.

Recent publications propose hybrid approaches combining
offline training with model-based online optimization, termed
data-driven path-following MPC, to mitigate computational
burdens [14]. These methods replace state-space models with
hybrids of spatial kinematics and data-driven models. Ad-
ditionally, [15] introduces an approximate online adaptive
solution for infinite-horizon optimal tracking in control-affine
systems with unknown drift dynamics, using Bellman equa-
tions to simulate unexplored state-space regions.

The kinematic model and an affine error structure are
utilized in [16] for an interconnected three-element vehicle.
The affine error system facilitates Adaptive Dynamic Pro-
gramming (ADP), resulting in a partially unknown control
method. An actor-critic reinforcement learning (RL) neural
network (NN) structure provides control policies to achieve
accurate trajectory tracking. Continuing with RL methods,
[17] employs Deep RL (DRL) to train an agent controlling a
six-degree-of-freedom ground vehicle, maintaining a trajectory
within half the vehicle’s width from reference paths. A similar
approach in [18] proposes a DRL-based Adaptive Pure Pursuit
(DRAPP) algorithm, combining geometric Pure-Pursuit with
a DRL-learned policy and a terrain-adaptation mechanism. In
[19], sliding-mode control replaces model predictive control,
integrating deep learning models to estimate and compensate
for skid-steering robot slippage in real time.

RL-based path planning for skid-steer robots in complex
environments is explored in [20], where Q-Learning (QL),
Deep Q Networks (DQN), and Deep Deterministic Policy
Gradient (DDPG) address challenges such as large maps, high-
dimensional states, obstacles, and wheel-terrain interactions
under slip conditions.

While various strategies exist for controlling legged and
mobile robots, model-based approaches like model predictive
control remain challenging for real-time deployment on mobile
platforms. Machine learning techniques reduce online compu-
tation but require extensive offline training, hyper-parameter
tuning, and large datasets. This work leverages built-in low-
level gait controllers and proposes a single-step-optimization-
based kinematic controller for real-time path tracking. By
exploiting the control-affine structure of mobile robots (like
the one shown in Figure 1), the method facilitates rapid pro-
totyping and industrial solutions with minimal computational
load and parameter tuning while the stability is guaranteed
under mild assumptions.

III. PROBLEM STATEMENT

This section introduces the foundational elements required
to formulate the proposed controller. The optimisation-based
quasi-algebraic controller (OBQAC) extends the earlier alge-
braic controller proposed in [1] for wheeled vehicles, which
was subsequently adapted for aerial vehicles in [2]. In the
following, the kinematic model of the legged robot shown
in Figure 1, characterized by a control-affine structure, will
be presented. Additionally, the path tracking problem will be
briefly outlined. The formulation of the OBQAC, including
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the design of the control set, its application to legged robots,
and an analysis of error convergence, will then be detailed.

A. Kinematic model of the legged robot
In this subsection, we present the kinematic model of the

legged robot depicted in Figure 1. The discrete-time approxi-
mation of this kinematic model is given as follows:

qk+1 = qk + F(qk)ukTs.

qk+1 = qk +


1 0 0 0
0 cos(θk) − sin(θk) 0
0 sin(θk) cos(θk) 0
0 0 0 1



ωz, k

vx, k
vy, k
vz, k

Ts.

(1)
The state is defined by the robot’s pose as qk =
(θk, xk, yk, zk)

T ∈ ℜnq , where θk denotes the robot orienta-
tion in the global (navigation) frame, and xk, yk and zk are
the robot’s coordinate also in the global frame. The control
vector is denoted as uk = (ωz,k, vx,k, vy,k, vz,k)

T , with ωz,k

indicating the angular speed with respect to the local z-axe of
the robot, such that (θk+1 − θk)/Ts = ωz,k. The velocities
vx,k, vy,k and vz,k are measured in the global frame and are
aligned with the local x, y and z robot axes.

B. path tracking problem
In this subsection, the trajectory tracking of mobile plat-

forms will be briefly described. For more details, the reader is
referred to [21] and references therein. In the following, it will
be assumed that the trajectory to be tracked lies in the plane
x − y, with the z coordinate representing the legged robot’s
height relative to the x− y plane. Furthermore, the trajectory
is assumed to be compatible with the vehicle’s kinematics and
is defined by a parametric equation, as follows:

Pk := (pθ,k,px,k,py,k,pz,k)
T
. (2)

where pθ,k is the reference attitude at time k, px,k and py,k

are the reference coordinates in the x − y plane at time k,
and pz,k is the reference for the robot’s altitude with respect
to the x − y plane at time k. At each time k ∈ Z≥0, a
reference pose Pk for the robot is defined. Note moreover
that pθ,k = tan

(
(py, k− py, k − 1)

/
(px, k− px, k − 1)

)−1

∀, k ∈ Z≥ 0. The path tracking objective is to minimise the
difference between Pk and the robot’s pose qk at every time
k ∈ Z≥0. In the following, it will be assumed that the speed
and accelerations of the Pk is bounded in the following sense:

|pθ,k+1−pθ,k|
Ts

= |νrθ,k+1| ≤ |Vθ| <∞ ∀ k ∈ Z≥0.

|px,k+1−px,k|
Ts

= |νrx,k+1| ≤ |Vx| <∞ ∀ k ∈ Z≥0.

|py,k+1−py,k|
Ts

= |νry,k+1| ≤ |Vy| <∞ ∀ k ∈ Z≥0.

|pz,k+1−pz,k|
Ts

= |νrz,k+1| ≤ |Vz| <∞ ∀ k ∈ Z≥0.

(3)

|νrθ,k+1−νrθ,k|
Ts

= |arθ,k+1| ≤ |Aθ| <∞ ∀ k ∈ Z≥0.

|νrx,k+1−νrx,k|
Ts

= |arx,k+1| ≤ |Ax| <∞ ∀ k ∈ Z≥0.

|νry,k+1−νry,k|
Ts

= |ary,k+1| ≤ |Ay| <∞ ∀ k ∈ Z≥0.

|νrz,k+1−νrz,k|
Ts

= |arz,k+1| ≤ |Az| <∞ ∀ k ∈ Z≥0.

(4)

where νrθ,k+1, νrx,k+1, νry,k+1 and νrz,k+1 is the rate of
change of Pk+1, and Vx, Vy , Vz and Vθ ∈ ℜ are their
maximum values. Moreover, arθ,k+1, arx,k+1, ary,k+1 and
arz,k+1 are the accelerations of every component of the
reference Pk+1, assumed to be bounded by Aθ, Ax, Ay and
Az , respectively. In the sequel, the robot velocities are assumed
to be bounded as follows:

|ωz,k| ≤ |Vθ|, |vx,k| ≤ |Vx|, |vy,k| ≤ |Vy|, |vz,k| ≤ |Vz|.
(5)

where |Vθ| > |Vθ|, |Vx| > |Vx|, |Vy| > |Vy|, |Vz| > |Vz|
and VM = (V2

x + V2
y + V2

z )
1/2. The robot accelerations are

bounded as follows:
|ωz,k+1−ωz,k|

Ts
= |aθ,k+1| ≤ |Aθ| <∞ ∀ k ∈ Z≥0.

|vx,k+1−vx,k|
Ts

= |ax,k+1| ≤ |Ax| <∞ ∀ k ∈ Z≥0.

|vy,k+1−vy,k|
Ts

= |ay,k+1| ≤ |Ay| <∞ ∀ k ∈ Z≥0.

|vz,k+1−vz,k|
Ts

= |az,k+1| ≤ |Az| <∞ ∀ k ∈ Z≥0.

(6)

where aθ,k+1, ax,k+1, ay,k+1 and az,k+1 are the legged robot
accelerations at time k + 1. Moreover, |Aθ| > |Aθ|, |Ax| >
|Ax|, |Ay| > |Ay|, |Az| > |Az| and AM = (A2

x + A2
y +

A2
z)

1/2.

C. Single step optimisation based kinematic controller
Building on the control law previously reported in [1], in

this section, we introduce a modification to that control law
such that the controls uk remain inside the bounded set Uc ⊂
Uu ⊆ ℜnu , where Uc is defined as a box set, such that ω ≤
ωz,k ≤ ω, vx ≤ vx,k ≤ vx, vy ≤ vy,k ≤ vy and vz ≤
vz,k ≤ vz , such that Uc := [vω, vω] × [vx, vx] × [vy, vy] ×
[vz, vz], and Uu is the set of unconstrained controls. Note
from Eq. (1) that replacing qk+1 with Pk+1, the control uk
that steers the state qk to Pk+1 can be easily computed. Let us
define ∆q,k := Pk+1−qk = (∆θ,k, ∆x,k, ∆y,k, ∆z,k)

T , with
∆θ,k = pθ,k+1−θk, ∆x,k = px,k+1−xk, ∆y,k = py,k+1−yk,
and ∆z,k = pz,k+1−zk. Then, solving Eq. (1) for the control
uk gives the following:

F(qk)T
∆q,k
Ts

= uk.

where FT is the inverse of F(qk) since it is orthogonal, and
uk ∈ Uu is the unconstrained control that steers the state qk
to the reference Pk+1. However, we aim to constrain uk to
Uc. To achieve this, one could start from uk−1 and add the
components ∆u = Ts, (aθ,k, ax,k, ay,k, az,k)

T (velocities of
the control signal) as required in order to approach uk while
satisfying the constraints. To formalize this, let us define the
optimization variable w ∈ ℜnu and the objective function:
J := wT W w, with W ≻ 0. Then, the constrained controls
uk can be computed by solving the following optimisation
problem:

min
w

J

s.t.


w = F(qk)T

∆q,k
Ts
− uk.

uk = uk−1 +∆u.

u ∈ Uc.

(7)
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The control signal uk obtained through the formulation given
by Eq. (7) remains within the set Uc, ensuring that the ma-
noeuvres are compatible with the legged robot. Moreover, the
control signal uk minimises the distance to F(qk)T∆q,k/Ts
instead of computing a control based on minimising the
distance |Pk − qk|. This is a key difference when compared
to common MPC strategies, where the robot may not move
when it starts from an ill initial condition, the controller is
not well-tuned, and/or the control horizon is not large enough.
Additionally, these controls computed using the formulation
given by Eq. (7) adhere to acceleration limits, resulting in
smoother and more energy-efficient movements, as will be
shown later in Section IV, Experiments and Results.

D. Global stability

The global stability can be proven under the assumptions
made in the former section. Let us define the error at time k
as ek = Pk − qk and the difference of velocities between the
reference and the legged robot as sk = νr,k − uk, such that
the error dynamics can be written as follows:

ek+1 = ek + Ts sk.
= ek + Ts(νr,k − uk).

(8)

Then, to achieve ek+1 = 0, the control uk obtained by solving
Eq. (8) needs to be applied:

uk =
ek
Ts

+ νr,k. (9)

The constrained control can be as large as νr,k by assumption.
However, the value of uk obtained from Eq. (9) may not
belong to the set Uc for large values of ek. Therefore, let us
define the constant 0 < δe ≤ 1 such that uk = δeek/Ts + νr,k
does belong to Uc. Then, replacing this control back into Eq.
(8):

ek+1 = ek + Ts (νr,k − δeek
Ts
− νr,k).

= ek (1− δe).
(10)

Since δe ∈ (0, 1], the error is decreasing ∀ ek ∈ ℜnq . □

E. Convergence time

Due to the constrained nature of the control uk, ek = 0 can-
not be reached in one step. Therefore, it becomes interesting
to determine how long it takes for the legged robot to reach
the target Pk given a certain initial condition, path (reference)
dynamics, and control set Uc. To achieve this, let us assume
that e0 ̸= 0, where the error ei at time i is given as follows:

ei =
√
d2θ,i + d2s,i. (11)

where:

d2θ,i = (pθ,i − θi)2.
d2s,i = (px,i − xi)2 + (py,i − yi)2 + (pz,i − zi)2

(12)

In addition, let us assume that the legged robot starts from
rest while the reference P0 is already moving at its maximum
speed, far away from the robot along a straight line. Moreover,
let us assume that |θ0 − pθ,0| = π. Assume the strategy for
approaching the target is to first rotate π (rad) until the legged

robot is pointing toward the target. The legged robot begins
turning by accelerating from an initial angular velocity ω0 = 0.
One sampling instant later, it reaches ω1 = TsAθ, and after n
sampling instants, the angular velocity will be ωn = nTsAθ.
The total angle rotated can be computed as follows:

θ0 = 0.
θ1 = θ0 + ω1 Ts.

= T 2
sAθ.

θ2 = θ1 + ω2 Ts.
= 3T 2

sAθ.
...

θn = n(n+1)
2 T 2

sAθ.

(13)

Then, the sampling instants NU required to turn θn = θNu
=

π (rad) is:

NU =

√
1 + 8π

T 2
s Aθ

2
− 1.

(14)

During the time the legged robot was turning, the Euclidean
distance between the legged robot and the reference grows
from ds,0 to ss,NU

= ds,0+NUTsVr, where Vr = (V 2
x +V 2

y +

V 2
z )

1/2. Moreover, the legged robot starts to move linearly,
accelerating at a rate A = (A2

x + A2
y + A2

z)
1/2. After n′

sampling times since the robot started to move linearly, the
speed of the legged robot is vn′ = n′TsA. By assumption,
the legged robot can move faster than the reference. In NVr

sampling times, the legged robot can reach the reference speed
such that NVr

= Vr/(TsA). During this time, the distance
between the reference and the legged robot increases at a
decreasing rate given by ds,i = Ts(Vr − iTsA). The total
distance between the legged robot and the reference can be
computed as follows:

ds,NVr
= ds,NU

+ Ts

NVr∑
i=1

(Vr − i TsA). (15)

At this moment, since the legged robot moves at the same
speed as the reference, the distance between the legged robot
and the reference will no longer increase. Additionally, it can
still increase its speed until it reaches its maximum speed
VM while reducing the distance ss,NVr

. The legged robot
reaches its maximum speed after NVM

sampling times, given
by NVM

= (VM − Vr)/(TsA), while the distance to the
reference continues to decrease. The total distance can be
computed as follows:

ds,NVM
= ds,NVr

− Ts
NVM∑
i=1

(Vr + i TsA). (16)

Assuming that the reference is not reached while the legged
robot is approaching its maximum speed, it will be reached
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after Nt additional sampling instants while the robot is moving
at its maximum speed VM , such that:

0 = ds,NVM
− TsVMNt.

0 = ds,NVr
− Ts

NVM∑
i=1

(Vr + i TsA)− TsVMNt.

0 = ds,NU
+ Ts

NVr∑
i=1

(Vr − i TsA)− Ts
NVM∑
i=1

(Vr + i TsA)−

TsVMNt.

0 = ds,0 +NUTSVr + Ts

NVr∑
i=1

(Vr − i TsA)−

Ts

NVM∑
i=1

(Vr + i TsA)− TsVMNt.

(17)
The value of Nt is given as follows:

Nt =
ds,0+NUTsVr+Ts

∑NVr
i=1 (Vr−iTsA)−Ts

∑NVM
i=1 (Vr+iTsA)

TsVM

(18)
Note that the value of Nt can be negative when the term
Ts

∑NVM
i=1 (Vr + iTsA) is predominant. The total sampling

times Nreach required to reach the reference is:

Nreach = NU +NVr
+NVM

+Nt. (19)

which is a conservative value and should be taken as an upper
bound.

F. Computational complexity analysis

To analyze the computational complexity of the proposed
algorithm, let us rewrite the problem given by Eq. (7) as a
Mixed Integer Quadratic Program (MIQP) with 4 variables
and 8 linear constraints, as follows:

min
w

J

s.t.


w = F(qk)T

∆q,k
Ts
− uk.

uk = uk−1 + Ts(δ1Aθ, δ2Ax, δ3Ay, δ4Az)
T .

Auk ≤ g.

(20)
where A and g are a matrix and vector of appropriate di-
mensions defining the linear constraints such that uk ∈ Uc,
assuming Uc is a box-set. Moreover, δ1, δ2, δ3, and δ4 are
discrete variables, each taking values from the set −1, , 0, , 1.
Solving this problem involves evaluating 3n possible combina-
tions, where n is the number of variables. Each combination
requires evaluating the cost function wTWw, which, for a
diagonal matrix W , involves 35 floating-point operations (20
multiplications and 15 additions).

Additionally, for each combination, 8 linear constraints must
be checked, with each constraint requiring 8 floating-point
operations (4 multiplications, 3 additions, and 1 comparison).
Consequently, each combination requires 35+8m operations,
where m is the number of linear constraints. Evaluating all

3n possible combinations thus requires 3n × (35 + 8m) =
3n× 35+ 3n× 8×m floating-point operations, amounting to
8019 operations for n = 4 and m = 8.

This theoretical bare-metal analysis imposes an upper bound
on the number of required operations when the problem given
by Eq. (7) is solved by brute-forcing through the 81 possible
points. Note that replacing the discrete variables δ1, δ2, δ3,
and δ4 with continuous variables that can take values in the
range [−1, , 1] reduces the complexity of solving the problem
in Eq. (7) to a standard Quadratic Program (QP) instead of a
more complex MIQP.

In practice, the problem given by Eq. (7) is solved using
CasADi in Matlab with ipopt, an open-source primal-dual
interior point method. CasADi automatically computes the gra-
dient of the objective function, the Jacobian of the constraints
function, and the Hessian of the Lagrangian function using
algorithmic differentiation. This approach avoids brute-force
evaluation, reducing the problem from an MIQP to a QP with
polynomial time complexity.

Algorithm 1 summarises how to apply the proposed con-
troller for achieving path tracking with the legged robot shown
in Figure 1.

Algorithm 1: Single-Step Kinematic Controller for
Real-Time Path Tracking of Legged Robots
Data: Pk, Uc, e0, Ts, V , A, V , A, u0 = 0.
Result: Nreach

while !(reach end of path) do
Pk+1 ← (pθ,k+1,px,k+1,py,k+1,pz,k+1)

T

qk ← (θk, xk, yk, zk)
T

∆q,k ← Pk+1 − qk
Solve opt. problem given by Eq. (7)
uk ← uk−1 +∆u
Apply uk to the legged robot

end

IV. EXPERIMENTS AND RESULTS

In this section, simulated and field experiments are con-
ducted to highlight the strengths and weaknesses of the
proposed method. We will follow the methodology suggested
in [22], [23] to evaluate the path tracking performance of
outdoor mobile robots. Moreover, we will compare the pro-
posed method against the Linear Time Varying (LTV) Linear
Quadratic Regulator (LQR), the nonlinear model predictive
controller with different configurations including the one with
integral action (iNMPC) reported in [24], and a Deep Rein-
forcement Learning method reported in [17] and trained for
the legged robot shown in Figure 1.

A. Simulated experiments

The simulated experiments are carried out on a PC with 12
Intel cores i7-8700 @ 3.2 (GHz) with 32 (GiB) of RAM run-
ning Ubuntu 22.04. These experiments involve following the
Lemniscate of Bernoulli path using different control strategies
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Fig. 2: Real-time factor ψ, control effort Π, and deviation error Ξ for the Nonlinear Model Predictive Controller (NMPC
-first row-) with control horizon length Nc = 20 and the proposed controller (second row). Both controllers exhibit similar
performance; however, the NMPC cannot be solved in real time as its RTF exceeds 1. The horizontal axis represents the
duration of the experiment, expressed as the number of sampling instants Ts (s).

to highlight the weaknesses and strengths of each approach.
The path Pk = (pθ,k,px,k,py,k,pz,k) is defined as follows:

pθ,k = tan((py,k+1 − py,k)/(px,k+1 − px,k))
−1

px,k =
1.75
√
2 cos(Θk)

sin(Θk)2 + 1

py,k =

√
32 cos(Θk) sin(Θk)

sin(Θk)2 + 1

pz,k = 0.29
(21)

where Θk ∈ [0, 2π] is designed such that ((px,k+1−px,k)
2+

(py,k+1−py,k)
2)1/2/Ts = νr, where νr is the speed at which

the reference moves. In these experiments, νr = 0.75 (m/s).
The height of the robot pz,k is assumed to remain constant
at 0.29 (m) throughout the entire path. In order to compare
the performance of the different algorithms, we follow the
methodology and metrics reported in [22]. These metrics are
the control effort Π, the deviation error Ξ, and the real-time
factor ψ, defined by the following equations:

Π = 1
K

√∑K
i=1 ω

2
z,i + v2x,i + v2y,i + v2z,i

Ξ = 1
K

√∑K
i=1 d

2
θ,i + d2s,i

ψ = 1
Ts K

∑K
i=1 ξi

(22)

where ξi is the time required for each controller to compute
the velocities to be applied to the robot. The real-time factor
evaluates the computational feasibility of the algorithm by
comparing the time taken to compute control commands with
the actual time available (Ts at most) for execution. A real-
time factor less than or equal to 1 is essential for ensuring

the algorithm can be deployed in real-world applications
where delays can compromise safety and performance. The
deviation Ξ measures the deviation of the robot’s trajectory
from the nominal or desired path. It is a direct indicator of the
algorithm’s accuracy and its ability to achieve precise tracking,
which is critical in applications requiring high precision, such
as navigation in cluttered environments or performing complex
tasks. The values of d2θ,i and d2s,i are computed according to
Eq. (12). The control effort Π quantifies the energy or effort
required to execute the control commands. Minimizing control
effort is crucial in robotics to improve energy efficiency, reduce
wear on actuators, and extend the operational life of the robot,
especially for legged robots that often operate on limited power
sources.

The set Us is designed as a box set such that
Uc = [−5π/4, 5π/4](rad/s) × [−5/4, 5/4](m/s) ×
[−5/4, 5/4](m/s) × [−5/4, 5/4](m/s). The angular
acceleration between sampling times is limited to ±π/2
(rad/s2) while the linear accelerations are limited to ±0.25
(m/s2). The sampling time is Ts = 0.05 (s). The initial
position of the robot is generated randomly such that ds,0 = 3
(m) and dθ,0 ∈ [−π, π]. With this configuration , the sampling
instants Nreach required by the robot to converge to the
reference is Nreach = 1637 or Nreach Ts = 81.85 (s), with
NU = 178, NVr = 849, NVM

= 1152 and Nt = −542.
Figure 2 shows the metrics real-time factor (ψ), control

effort Π, and deviation Ξ when the legged robot is controlled
with an NMPC without integral action and Nc = 20 (Figure
2-top) and when it is controlled with the proposed controller
(Figure 2-bottom). The deviation and control effort are sim-
ilar for both controllers. However, the real-time factor ψ is
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Fig. 3: Real-time factor ψ, control effort Π, and deviation error Ξ for the Linear Time-Varying Linear Quadratic Regulator
(LTV LQR -first row-), the NMPC with integral mode with Nc = 20 (second row), and the Reinforcement Learning (RL)
agent (third row). The LTV LQR outperforms all the implemented controllers; however, it does not satisfy the velocity and
acceleration constraints. The RL agent fails when the initial position is not sufficiently close to the reference. The horizontal
axis represents the duration of the experiment, expressed as the number of sampling instants Ts (s).

approximately 1.5 for the NMPC, indicating that real-time
implementation is not feasible with the available computer.

Figure 3 depicts the results when the controllers are the LTV
LQR (Figure 3-top), the iNMPC (NMPC with integral mode)
with Nc = 20 (Figure 3-middle) and, the Reinforcement
Learning (RL) agent (Figure 3-bottom). The iNMPC appears
to reach the path too slowly, and the real-time factor remains
above 1. The LTV LQR demonstrates outstanding perfor-
mance; however, it is unable to handle the constraints imposed
on accelerations, as shown in Figure 5-middle. Regarding the
Reinforcement Learning (LR) agent, it follows the structure
presented in [17] and it was implemented in Matlab. The agent
was trained using the following reward function:

reward = e−kd×distance + e−kc×action penalty

where kd = 5 and kc = 0.001 are constants, distance
is the distance between the robot and the target, and
action penalty is the norm of the vector of controls. In

addition, a bonus reward of 10 × (EPISODE STEPS −
NUM STEPS)/EPISODE STEPS is added if the robot
reaches the vicinity of the target within a distance no greater
than 0.05 (m). When the distance to the target increase from
one step to the next, the reward is decreased by 1. The agent
is trained with EPISODE STEPS = 500 over a maximum
of 5000 episodes. The RL agent achieves the lowest average
real-time factor. The control effort is also low on average.
However, the velocity profiles appear more abrupt compared
to the other controllers. The tracking error remains low but
does not converge to zero. Additionally, if the robot does not
start close enough to the reference, the agent is unable to track
the path. A similar issue arises when the reference speed is
increased.

In this figure, the left y-axis corresponds to the accelerations
of the LTV LQR controller, while the right y-axis corresponds
to the accelerations obtained with the proposed approach.
Figure 5-top shows the velocity profiles for both controllers.

Figure 4-top and 4-middle show the performance of the
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Fig. 4: Real-time factor ψ, control effort Π, and deviation error Ξ for NMPC with Nc = 1 (top), Nc = 2 (middle), and
Nc = 10, where the controls are weighted 102 times higher than the deviation with respect to the path (bottom). The horizontal
axis represents the duration of the experiment, expressed as the number of sampling instants Ts (s).

NMPC with Nc = 1 (Figure 4-top) and Nc = 2 (Figure 4-
middle). The real-time factor is now below 1. The control
effort Π behaves similarly to the NMPC with Nc = 20;
however, the deviation Ξ decreases very slowly.

The main difference with the proposed approach is that
the NMPC computes the controls that minimize d2θ,k and
d2s,k, while the proposed approach computes the control uk
that minimizes the distance to the (unconstrained) control
F(qk)T

∆q,k
Ts

. Taking this into account, poor tuning of the
weighting matrices in the NMPC can lead to very poor
performance, as shown in Figure 4-bottom, where the stage
cost weights the controls 100 times higher than the deviation
from the path.

B. Field experiments

The field experiments were conducted using the legged
robot depicted in Figure 1. The robot is equipped with a real-
time kinematics (RTK) GPS Navcom SF-3040 and an inertial
measurement unit (IMU) Vectornav VN-200S. Leveraging the

low-level primitives available on the vehicle, we utilize the
nonlinear control-affine kinematic model of the vehicle for
control purposes.

The experiments involve tracking the following trajectories:
i) circular-shaped, ii) rectangular-shaped, and iii) infinity-
shaped (Lemniscate). Three different controllers are imple-
mented on the legged robot: a) OBQAC, b) iMPC1, and
c) iMPC2, with integral mode and control horizon lengths
Nc set to 10 and 20, respectively. The predictive controllers
are configured with quadratic stage costs and share the
same weighting matrices: Q = diag(2, 2, 2, 0.1), Qf =
diag(10, 10, 10, 5), and R = I4×4.

The set Uc is a box set such that [−π/2, π/2] (rad/s)
×[−0.5, 0.5] (m/s) ×[−0.5, 0.5] (m/s) ×[−0.5, 0.5] (m/s).

The accelerations are limited to the following feasible val-
ues: |(ωk−ωk−1)|/Ts ≤ π/2 (rad/s2), |(vx,k−vx,k−1)|/Ts ≤
0.25 (m/s2), |(vy,k − vy,k−1)|/Ts ≤ 0.25 (m/s2), and |(vz,k −
vz,k−1)|/Ts ≤ 0.25 (m/s2).

For each trajectory, the function Θk is designed such that
νr = 0.35 (m/s). The metrics used to perform the comparisons
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aggressive velocity profiles since it does not constrain the accelerations. The horizontal axis represents the duration of the
experiment, expressed as the number of sampling instants Ts (s).
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Fig. 6: Summary of the deviation Ξ with respect to the nominal path, control effort Π, and real-time factor ψ for the OBQAC,
MPC1, and MPC2 controllers over 5 trials on three different trajectories: circular (left), rectangular (center), and infinity-shaped
(right).

are the same as those used in the simulated experiments, given
by Eqs. (22).

Figure 6 shows 3D plots summarising the metrics used
for comparison given by Eqs. (22). The iMPC2 achieves the
best performance in terms of control effort and deviation,
as expected from a predictive controller with a large control
horizon. However, the mean RTF is above 1 almost all the
time. However, this controller archives the best performance.
This apparent lack of influence of an RTF as large as 2 is due
to the velocity νr being set as low as 0.35 (m/s). Since the
sampling time is Ts = 0.05 (s), then it entails an error of 0.35
(m/s) ×0.05 (s) ×RTF = 0.035 (m).

The proposed approach (OBQAC) achieves a performance
Ξ comparable to those of iMPC1 and iMPC2 with the lowest
RTF. It achieves the higher control effort Π when compared to
the iMPC controllers. Figure 7 illustrates the results obtained
from the field experiments with the proposed OBQAC over
three different trajectories. Each trajectory was tracked 5 times
with each controller. The legged robot is depicted for Only 1
trial of the experiments.

Figure 8 shows the power consumption of the legged
robot during 5 trials of field experiments when the tra-
jectory is infinity-shaped. Only 2 controllers were imple-
mented: a) OBQAC and b) NMPC without integral mode
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Fig. 8: Power consumption of the legged robot shown in Figure
1 during 5 trials of field experiments when the trajectory is
infinity-shaped. The blue line (left) corresponds to the average
power consumption when the legged robot is controlled with
the proposed controller. The red line (right) corresponds to
the average power consumption when the legged robot is
controlled with an MPC without integral mode and Nc = 10.
The horizontal axis represents the duration of the experiment,
expressed as the number of sampling instants Ts (s).

and Nc = 10 and tuned with the following matri-
ces: Q = diag(10, 10, 0.001, 5), R = I4×4, and P =
diag(50, 50, 0.005, 25). Figure 8-left corresponds to the aver-
age power consumption when the legged robot is controlled
with the OBQAC, while Figure 8-right shows the average
power consumption when the robot is controlled with the
NMPC over 5 trials. The mean average power dissipated by
the legged robot when it was controlled with the OBQAC was
189.19 (w), whilst when it was controlled with the NMPC the
mean power was 209.9 (w). Moreover, as can be seen from
Figure 8, the instantaneous power consumption seems to be
more constant when the legged robot is controlled with the
OBQAC.

1) Tracking a trajectory while facing at a fixed point: This
field experiment involves tracking squared and infinity-shaped
trajectories while the legged robot faces a fixed point located
at the centre of the trajectories. The robot is controlled using
the OBQAC, tuned with the same gains as in the previous field
experiments. In Figure 9-left, the legged robot is depicted for
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Fig. 9: Legged robot tracking a rectangular-shaped and an
infinity-shaped trajectory, with its focal point being the center
point of the trajectory (yellow circle). Light-blue lines repre-
sent the trajectories followed by the robot, while yellow arrows
indicate its direction. The infinity-shaped trajectory poses the
challenge of requiring a π (rad) turn to continuously face it.

a single trial as it travels along a rectangular-shaped trajectory.
Yellow arrows indicate the direction in which the robot is
pointing. The legged robot accurately maintains its orientation
towards a fixed point while tracking the trajectory. Figure 9-
right displays the results when the robot tracks an infinity-
shaped trajectory. This trajectory poses a challenge for the
robot as it requires executing a π (rad) turn when passing
through the centre and maintaining its orientation towards that
point.

V. CONCLUSIONS

This work introduced an optimization-based quasi-algebraic
controller (OBQAC) designed for path tracking in orthogonal
nonlinear control-affine systems, making it particularly suit-
able for mobile platforms such as legged robots. Simulated
experiments demonstrated the effectiveness of the proposed
controller, while field experiments validated its real-time ap-
plicability.
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The OBQAC enables rapid prototyping and implementation
of industrial solutions by leveraging the built-in low-level
controllers available in commercial legged robots. The con-
troller exhibited comparable performance to a nonlinear model
predictive control (NMPC) with control horizon of 20 samples,
but with significantly lower computational effort. Moreover,
unlike reinforcement-learning agents, this approach requires
no training procedures. Moreover, the stability of the controller
was analytically established as a function of the control set Uc.

Overall, the proposed OBQAC offers a straightforward yet
effective strategy that capitalizes on the control-affine structure
of autonomous navigation systems, particularly legged robots,
to facilitate the implementation of path-tracking solutions.
Its simplicity and effectiveness make it a valuable tool for
educational, industrial, and research applications.
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